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1 An Attempt at History

1.1 The Invention of Geometry

At least a decade ago, a wise man by the name of Euclid wrote a treatise called The Elements. As the name
clearly suggests, it was a book of mathematics that contained cool stuff about geometry. There are many things
inside, but let us concern ourselves only with Euclid’s fifth postulate:

|

far enough

Figure 1: Postulate No. 5

Two lines that intersect a third line such that their inner angles is less than 180° will eventually intersect each
other on that side if extended far enough.

I'm sure you’re aware that parallel lines never meet. This very important fact follows from the fifth postulate.
Quite a few mathematicians were convinced that this was derivable from the previous first four axiomsﬂ This
went on for a couple hundred years.

1.2 The Invention of Curvature

Back in Euclid’s day, balloons hadn’t existed yet. It wasn’t until balloons were commercially available that
geometers could start doing problem sets on curved surfaces. This made it much more entertaining because there
was an additional element of suspense, as you never knew when they would popﬂ

However, these party geometers soon realized that balloons violated their beloved fifth axiom. That really burst

their bubble.

Exercise 1 — Imagine yourself as a party geometer. Try drawing a triangle and a pair of parallel lines on an
inflated balloon. What do you observe?

The fifth postulate is very important in its own right; it lays down the groundwork for defining Fuclidean
geometry. This is arguably the most important geometry because it is applicable to daily life and Minecraft.

1.3 If Geometry was so good, why isn’t there a Geometry 27

In fact, geometries come in all sorts of shapes and sizes. Could you invent your own geometry? Probably. Would
it be useful? Probably not.

IDisclaimer: It was not
21 didn’t study history but I think this is true



Different geometries describe different spaces. As an illustration, lets look at a Non-Euclidean geometry. A
simple and commonly used one is the taxicab geometry.
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Figure 2: Taxicab Geometry

In ordinary geometry, the distance between two points A and B is given by
d =/ (Az)?* + (Ay)?

In the taxicab geometry (Fig. , the distance is measured only along the vertical and horizontal axes
d = |Az|+|Ay|

Using a different geometry can offer another way of looking at the same space. They prescribe the mathematical
lens through which we describe shapes and their spatial relationships. Astrophysics employs a bunch of them
— you can find hyperbolic and elliptical geometries in cosmology. Einstein’s famous General Relativity uses
Riemannian geometry, which is just a jumble of geometries on steroids.

Let us declare war against Euclid and commit sacrilege upon his fifth postulate. Henceforth, we shall enter the
world of spherical geometry — a simplified case of elliptical geometry. As heretics, we shall bathe in the glory of
parallel lines that can intersect.

2 Spherical Geometry

It is now time to get out your balloons (only spherical ones allowed) and throw away your flat paper! I highly
recommend carrying a packet of balloons everywhere in case you encounter an astrophysics question in the wild.

We will be working with the 2-D surface of a balﬂ As with the taxicab example, we can interpret this same
space in two different ways:

e A 2-D surface embedded in a 3-D space. This is useful for illustrating concepts as we can consider points
inside the ball.

e Strictly a 2-D surface. Imagine yourself as an ant crawling on a ball — there is no up or down, only the
seemingly repeating surface to which you are confined to roam for eternity, a truly Sisyphean and 2-D
surface.

Before we take the train into spherical trigonometry town, let us clarify some terms first.

2.1 Terminology
When we talk about lines in spherical geometry, we are actually referring to a great circle (Fig.[3|- in black).
e Great circles are the largest circles possible on the sphere
— (Equivalently) The plane containing the great circles contains also the diameter of the sphere
— (Equivalently) The center of a great circle coincides with the center of the sphere

e Two great circles will intersect each other at two antipodal points (opposite ends of the sphere)

3Strictly speaking, a sphere is the 2-D surface x2+y2+22 = r2, whereas a ball is a 3-D object formed by the points z2+y2+22 < r2.
This describes a closed ball, and for open balls the inequality is strict



Figure 3: graphics design is my passion

e Any line that is not a great circle is a small circle (red). You should never be doing calculations on one of
these!

e A section of a line is an arc (orange)

These great circles are the analogue of straight lines from Euclidean geometry. Just like straight lines, an arc of
a great circle will always be the shortest pat}ﬁ between two points. The definition of the distance between these
points is the length of this arc.

Exercise 2 — For any two points, is there always a unique arc connecting them? What about the distance
between them?

Solution: Two points will only be joined by one unique great circle, split into two arcs — one short and one
long. The exception are antipodal points, which have an infinite number of lines connecting them. In any case,
the length is always well defined.

A spherical triangle is a triangle (surprise!) composed of three arcs (Fig. . It is a good time as ever to tell you
now that distances are measured in angular units. However, these ‘length’ angles (a,b,c) are different from
the ‘angle’ angles between arcs (A, B,C). These ‘length’ angles are angles along the great circles, and can be
thought of as the angle subtended by the arc from the center of the sphere (). Triangles with a 90° angle are
right spherical triangles and those with a 90° edge are quadrantal triangles.

Figure 4: I'm not gonna draw this again it was very painful

Having desecrated the domain of Euclidean geometry we are all so accustomed to, we will also need to give up
some familiar properties:

The angles in a spherical triangle do not add up to 180°

4If you want street cred, call these geodesics



2.2 I hope you like math

Unfortunately, you can no longer measure angles with a protractor and lie to yourself that the diagram is drawn
to scale. The only measuring tool we have now is called mathematics, which provides a way to relate angles to
each other.

2.2.1 Doctors Hate Him! Save Time Using This ONE WEIRD TRICK!!

If you think about it, having 360 degrees to a circle is quite weird. Being familiar with base 10, a relic such
as the sexagesimal system (base 60) is pretty wack, but it all boils down to culture and society. We think that
the decimal system makes sense because we have 10 fingers. In French and many African dialects, they use the
vigesimal system (base 20) because they remembered they have toeéﬂ The Oksapmin, with their massive brain,
have adopted a base 27 system that utilizes their fingers, arms and face.

The Babylonians probably didn’t use body parts to count to 60, but nevertheless, this was the system that
mathematics inherited for angles. Just like how we have tenths and hundredths in the decimal system, base 60
has arcminutes and arcseconds. 1 degree is 60 arcminutes (denoted 60’) and an arcminute is 60 arcseconds (60”).
We will be using these fractional parts very often.

At this juncture, if you don’t know how to use the sexagesimal (that °’” thing) button on your calculators, I
suggest you learn how to use it. You could manually divide by 60 each time, but you should find better things
to do with your time.

Also, always check that you are using the correct angular units. Most, if not all, of the time you will be
working with degrees. I'm not sure why you would ever use radians in spherical trigonometry. I'm not very sure
what a grad does, but you won’t use it either.

2.2.2 Basics
The spherical sine law is as simple as it gets:

sina sinb sine

sinA sinB sin C

(2.1)

Do note that when using the sine law can give you ambiguous answers since sin(f) = sin(180° — ). When
applying these to astronomy questions, there will usually be contextual knowledge to eliminate one answer.

The spherical cosine law is not as simple:
cosa = cosbceosc + sinbsin ccos A (2.2)

I suggest you remember this using the relative positions of the quantities, as the parameters will almost never
be spoon-fed to you in terms of these letters. It is easier to think of the cosine law as expressing the cosine of
an edge in terms of its adjacent edges and the opposite angle. Master this spatial memorization and spherical
triangles will literally solve themselves in terror of your prowess.

Exercise 3 — Find b and C, given A = 78°2', B = 35.217°, a = 23°1412.17", ¢ = 22°10'5.08”. Do the angles
add up to 180°7

SOlutiOn: uV€,61:69 =0 [, 759,9Co€T = Qq

Exercise 4 — Solve the spherical triangle with A = 53°14/7.2"”, b = 24°15’31” and ¢ = 29°17'58.3".

Solution: /,08,£%:9L=0 ,9T,1S.¥S =8 ,6,FVo6C="P

2.2.3 Acidics

Theoretically, you now possess the ability to solve any spherical problem thrown at you. The cold hard truth
however, is that you will give up after being repeatedly bludgeoned with simultaneous trigonometric equations,
and succumb to dehydration from your endless stream of tears.

51 am not an anthropologist nor a linguist



Figure 5: Geometer’s deformed cheese slice

A particularly useful equation for astronomy is the cotangent four-part formula, which can be derived from the
sine double-two-part and cosine three-part formulae above. It’s not particularly difficult, but the derivation is
detailed in Appendix [B| should you need some help. It is easier to think of the formula in terms of outer/inner
angles or edges as shown in Fig.

cosl;cosf; = cotl,sinl; — cot B, sin6; (2.3)

It is highly recommended that you devise some mnemonic instead of memorizing the formula as is. I have heard
of a brilliant example from a wise intellectuaﬂ However, on the advice of my legal counsel, I should refrain from
putting it in print.

Any spherical triangle has its own fraternal twin called a polar triangle. For brevity, we denote the vertices and
edges of the polar triangle with ()’. Drawing a polar triangle is pretty simple:

1. Pick a vertex of the triangle (e.g. B in Fig.[d]) and find its opposite edge (b)
2. Find the great circle containing this arc

3. From the center of this great circle, draw the perpendicular towards the surface of the hemisphere containing
B. This is the pole of B (B’).

4. Repeat the above for the other vertices and connect them to form the polar triangle A’ B’'C’
An interesting property (which are outside the scope of these note&EI) is that the length and edges of the polar

triangle are supplementary to those of the original triangle

A" =180° - A B’ =180° - B C'=180° - C
a =180° —a b =180° —b ¢ =180° — ¢

Revolutionary! Not quite. This does, however, give us the supplemental cosine law which is just Eqn. 2.2 applied
to the polar triangle:
cos A = —cos BcosC +sin BsinC cosa (2.4)

Surprisingly, there are a lot of niche formulae for spherical trigonometry. You won’t need them, unless your
childhood dream was to become a sailor from the 1800s. The only other remotely useful concept not covered
here are Napier’s rules for right triangles and quadrantal triangles. Honestly, it isn’t worth memorizing since
you’ll hardly encounter such triangles. Even if you do, you could just substitute 90° in any of the formulae we
have seen.

Exercise 5 — Find b, c and A, given C = 90°, a = 119°46'36” and B = 52°25'38".

Solution: /97,0T.€IT =V ,[F1.,60T =2 ,6%,9C.87 =4q

Exercise 6 — Find A, C and b, given ¢ = 90°, B = 62°20'42" and a = 136°19’.

Solution: #6,8ToTL =9 SV, V1,69 =0 ,E€1,97.,6€1 =V

6Me, c. 2017
1 got lazy and it was never useful anyways



Exercise 7 — Did you know Bulgaria and Singapore have the same latitude? You couldn’t have, because it’s
not true. Suppose however, that they actually had the same latitude ¢ with a longitudinal separation of 2\.

(i) Show that the maximal latitude reached by the shortest path is given by

Gmax = tan ! (tan ¢ sec \)

(ii) Show that as compared to the path taken along the line of latitude, the shortest path is shorter by
2R [Acos¢ —sin~" (sin A cos ¢)]

where R is the radius of the Earth.

Exercise 8 — You are shipwrecked on an island exactly on the equator. By some currently unknown oceano-
graphic phenomenon, a piece of flotsam carries you along a great circle southwards, until you are flotsamwrecked
upon yet another island. You have a miraculous gift of determining latitudes, and know that the island is at
latitude ¢ and the southernmost latitude on your path was ¢,,4.. Determine the difference in longitudes of the
two islands.

Solution: (¢ 300 *P®¢ uey) | _s0d> + ;06 = YV

3 Here’s the astronomy

At the end of the day, you're learning spherical trigonometry for applications in astronomy, not for circumnavi-
gating the globe. We’ve went through how to solve spherical triangles, now we just have to learn how to find the
correct triangle from the context.

3.1 Princess Celestia

As you (hopefully) are aware, all the stars in the night sky are situated at different distances from us. Imagine
having to incorporate all these distances in our calculations. Now stop imagining because that’s absolutely
disgusting. Fortunately, the proper motions of the stars are slow enough that we can ignore their distances.

Our reference of choice is the celestial coordinate system:

e The celestial sphere is an imaginary sphere containing all celestial objects on its surface, with the observer
located at the center.

e The celestial equator is the projection of Earth’s equator on this celestial sphere.
e The celestial poles coincide with the rotational axis of the Earth.

This is incredibly similar to the geospatial coordinate systenﬂ7 only celestial. Instead of latitude-longitude
coordinates (¢, \), the celestial coordinate system uses declination-right ascension coordinates (4, RA). Typically,
the RA will be given in an hour-minute-second format. It functions identically to the sexagesimal system but
instead of the degree notation, it is expressed in hours, minutes and seconds:

360° = 24" «+— 15° = 1" (3.1)

Denoted Y is the vernal equinoxﬂ a reference point where § = 0° and RA = 0". The declination () is considered
within the principal range of —90° < § < +90°, and taken to be positive in the Northern hemisphere, and negative
in the Southern hemisphere. The right ascension increases rightwards from the arc of 0" right ascension. If you've
ever wondered why right ascension seems to increase leftwards while observing the night sky, it’s because your
perspective is from an observer on the ‘interior’ of the sphere.

The horizontal coordinate system (or alt-az) is similar, except the reference plane is the observer’s horizon instead
of the celestial equator. The pole directly above the observer is called the zenith, and the one under the nadir.
The altitude (a) is positive measured upwards from the horizon, with the azimuth (A) measured eastwardﬂ
from cardinal North. Cardinal points are nothing more than the NSEW directions on a compass.

8Fun fact: the Lat./Long. system (EPSG 4326) is only one of many geospatial coordinate systems. It is based on the WGS84
ellipsoid, whereas we have been working under the assumption of a spherical Earth, so our calculations may be quite different from
actual distances.

9This point is also known as the First Point of Aries, although it has since moved into Pisces

10 Azimuth can also be measured westwards or starting from cardinal South, but rarely in astronomy



Figure 6: Celestial Coordinates
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Figure 7: Horizontal Coordinates
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Exercise 9 — Provided in the following table are the positions of celestial objects in Orion.
Betelgeuse Rigel Tabit M42 NGC2169
Declination (9) +7°24'33" —8°10'47" +6°59’41" —5°26'18" +13°56'44"
Right Asc. (RA) 5h56™16° 5h15m308 4B50™ 56 5h36m23° 6hgm33s

(i) Calculate the distance between M42 and NGC2169.

(ii) Solve entirely the spherical triangle made from the three stars.

3.2 1 got a B- for art

Astronomy is largely based on observations. Unfortunately for us who have been cursed with clouds and skyglow,
our observations are based on star charts and Stellarium. I've sunk too much time into astronomy to pivot to a
more accessible hobby, so I like to turn off the lights and pretend that Stellarium is the night sky.

Ultimately, if you wish to answer questions such as when the Sun will rise, how long before a star will set, and
how to convince yourself a 36cm {/2.2 telescope is a worthwhile investment, you will need to understand how to
use the celestial sphere.

Notice the celestial sphere says nothing about the location of the observer. It only offers a standard of locating
objects. We will need to combine it with the horizontal coordinate system in order to locate them relative to us.

Z
7 90° — ¢
[/
(> NCP
. 90° — a 90° — ¢
Horizon
X

Figure 8: why didn’t I draw these by hand I regret everything

The celestial equator and the horizon intersect at cardinal East and West (take a guess why). The meridian is
the half-great circle passing through cardinal North, the zenith, and cardinal South. The prime vertical is the
half-great circle passing through cardinal West, the zenith, and cardinal East.

Do not be fooled into thinking that the prime meridian and prime vertical are absolute reference points because
they have the same suffix. The meridian and prime vertical are relative to the observer. The prime meridian



is the line of RA = 0°. This is the devious work of astronomers before us with terrible nomenclature who are
trying to get into your head.

We don’t draw the vernal equinox here, because the observer’s position alone isn’t sufficient to determine its
position. Like any other star, the vernal equinox is just another point in the constantly moving night sky. A
constantly moving reference isn’t very fun to work with, so in Fig. [3.2] we have done away with the right ascension.
Instead, we opt for the related and more useful quantity the hour angle:

HA — { Hours since crossing } _ { Hours after crossing }

the meridian the meridian

(3.2)

An object’s HA is essentially a 24-hour timer starting when the object crosses the meridian. The object is said
to culminate when it is right on the meridian with HA = 0°. Hour angles are sometimes given in the negative to
represent hours until crossing the meridian.

Fun fact! The acronyms for A.M. and P.M are derived from the Latin phrases ante meridiem and post meridiem,
meaning before and after midday. Here, meridiem means midday, in the accusative singular form of the 5th
declension root noun meridies. Nevertheless, one can also interpret it as the portions of the day where the Sun
is positioned before and after the meridian.

From the cosine law, we can also derive a form more convenient to work with:

sin a = sin ¢ sin ¢ + cos d cos ¢ cos HA (3.3)

Exercise 10 — You are contemplating existence atop a giant rubber duckie in the middle of the Great Pacific
Garbage Patch (¢ = 38°2/, A = 147.8°) when you spot Gemini rising.

(i) Which star, Castor or Pollux, rises first?
(ii) How soon after does the other star culminate?

Some undetermined amount of time later, you find yourself on another duck in the middle of the Australian
outback (¢ = —26°46", A = 120°20/).

(iii) Do the answers above hold?

Castor Pollux
Declination () +31°53'17.79" +28°1'34.31"
Right Asc. (RA) 7h34™35.86° 7h45™18.95°

333 aesthetics

Even without light pollution, we wouldn’t be able to see circumpolar stars in Singapore, as we are much too
close to the equator. These are stars that never set. In Fig.[0] notice how some stars trace out a complete circle.
Conversely, there exist stars that never rise for an observer (which lack a name). The paths of these stars are
small circles parallel to the celestial equator that never intersect with the horizon.

Exercise 11 — Find the condition(s) to be satisfied in order for a star to be circumpolar, or never rise.
Note: Don’t memorize this - learn how to derive this from diagrams!

Solution:

Never setting | Never rising
Northern Hemisphere (¢ > 0°) | § > 90° — ¢ 0 < ¢—90°
Southern Hemisphere (¢ < 0°) | § < —90° — ¢ 0>90°+ ¢

It is possible for the Sun to never rise or set within the day. This happens in the polar regions where it can
be completely dark or always daytime for stretches of months at a time. This phenomenon only takes place on
certain locations on Earth: either northwards of the Arctic circle or southwards of the Antarctic circle, the two
lines of latitude at ¢ = 66.5° and ¢ = —66.5° respectively.

To be pedantic, there is an upper and lower culmination since any object will cross the meridian twice within
a sidereal day. There is little astronomical name-mangling here — when the object is at its highest position in



Figure 9: Imagine this in Singapore hahahaha

the sky, that’s the upper culmination. For most objects, they set below the horizon, so the lower culmination is
obscured by the ground. The ambiguity only sets in for circumpolar stars and the like, so we opt to drop the
prefix most of the time.

4 Time is a social construct

It is now time for us to discuss the topic of timezones. Stars could not care less about the time, but we do. It
is the folly of humanity to bind ourselves to the arbitrary concept of time, but we will have to make do. For us
living in Singapore, we only have one timezone. We can be blissfully ignorant of timezone gymnastics unlike our
Russian comrades with elevenl]

Remember how the right ascension is measured relative to a reference of 0"? Greenwich time operates essentially
the same way. The prime meridian in this case refers to the Greenwich prime meridiarﬂ the line of longitude
at A = 0°. The reference time on the prime meridian is denoted as the Greenwich mean time (GMT). Usually, a
timezone will also be given relative to GMT, e.g. Singapore Standard Time as SST (GMT+38).

Similar to the right ascension, places east and west of the prime meridian are ahead and behind GMT respec-
tively, with every 15° corresponding to a change of 1" (Eqn.|3.1]).

The astute reader would have realized that with Singapore’s longitude (A = 103.2198°), we should comfortably
be in GMT+7.

For economic reasons, Singapore decided to move one hour ahead. I was not kidding when I said that anything
to do with time is completely arbitrary. Just take a look at Kiribati in the +13/14 timezone (Fig.. How is
that even allowed? The line that snakes around it is the International Date Line. Unlike the celestial coordinate
system, our time systems have dates, and need to be able to make the distinction of when the day ends. No
matter what day of the year, Alaska (GMT-10) will always be a day behind Kiribati (GMT+14).

4.1 Times are tough

Thanks to human interventions, what we see on clocks, the civil time, is somewhat subjective and has little
significance for astronomy. You could declare the land you stand on to be following the GMT+35 timezone and
the stars wouldn’t suddenly change.

A better, more objective measurement of time is needed for astronomy. The Greenwich Mean Time is one such
standard, and we will revisit it in depth later. While civil time timezones are chunked into integer hour offsets

Hlnterestingly, France has technically the most timezones at 12 because that counts their territories around the globe too.
12You might find references to the Paris prime meridian in some historical texts, but that was so last century.
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Figure 10: Kiribati date line go brrrr

from GMT, the Local Mean Time (LMT) is continuous and depends solely on the longitude of the location.

LMT = GMT + Ar (4.1)
Ar — i\ _, _J< 0, westwards (4.2)
15°/ >0, eastwards

There is a similar standard called the Greenwich Sidereal Time (GST), and similarly from Eqn. the Local
Sidereal Time (LST).

The LST is defined with respect to the RA and the HA:
LST =RA + HA (4.3)

Together with Eqn. we can see that the LST is equal to the RA of any star currently on the meridian.
For GST, this corresponds to the prime meridian (the meridian of an observer at Greenwich). Conceptually, this
time difference A7 is due to the rotation of the Earth — remember that the night sky isn’t actually moving, but
it is us who is doing the rotating.

Exercise 12 — Stranded on an island in the middle of the Pacific Ocean (¢ = 5°53'1", A = 162°4'42"W),
you get bored and decide to dig a hole in the ground. To your amazement, you unearth missing Inca treasure.
Amongst them is a strange contraption that you figure out to be a clock that tells you when the Pleiades
(RA = 3P47™M24°%, § = +24°07') rises, which ostensibly is in exactly 2 hours. Suddenly, you remember a promise
to call your friend Noiro-san who works lives near Orion Happy Park (¢ = 26°35'13", A = 127°59'20.93"E) when
the Orion Nebula is about to culminate there. How long is it before you should call him?

Solution: sVGw0Tyl "I

The difference between GST and GMT arises from the fact that a sidereal day is only 23%56™4% long. The GST
at the same UT®| tomorrow would be 3™56° later.

That is nice and simple, but to do any meaningful calculations, we still need to have a reference GST at some
date and UTE Usually, this is given at 0" UT on 1st Jan of the year.

Current GST — { Reference } { 3m56° per day } N { UT difference between } " 3m56

44
GST given since reference date current and reference 24h (4.4)

13We will be using UT and GMT interchangably. Refer to Appendix@ for more details
4Page BS of the Astronomical Almanac gives a formula for this relative to J2000. Interesting, but probably not useful to you.

10



If you understand the concepts, this formula is pretty intuitive. The last two terms account for the fact that a
sidereal day is shorter than 24 hours. The last term is similar to the second term, behaving as a scaling factor
for the time difference.

Exercise 13 — In Singapore, we can’t see the Large Magellanic Cloud (RA = 5724™, § = —70°) because we
only see clouds (everywhere). Suppose you were in Phuket (¢ = 7°53’, A = 98°24'E), which follows the GMT+7
timezone. On which day of 2017 will the LMC culminate at 9pm? You are given that the Greenwich sidereal
time at 0" UT on 1st January 2017 is around 6"43™.

Solution: £reniqeq pug io ‘Arenuer 4sT eouls sARp g PUNOIY

5 Boring Star

In the grand scheme of things, the Sun is actually a pretty normal, average, ordinary star.

5.1 Sun is fast

It is, however, a very fast zoom zoom star. Other stars move very slowly relative to the celestial sphere, with
Barnard’s star having the largest proper motion at 10” per year. The Sun moves this much in less than a minute.

Unlike other stars, the declination and RA of the Sun change across the span of the year. The Earth’s axial tilt,
or obliquity, is roughly € = 23.5°. As the Sun moves in a different plane to the celestial equator, the declination
of the Sun changes as the Earth makes its way about its orbit. Similarly, the position of the Sun against the
background of stars will change. During the vernal equinox, the Sun will be in line with the First Point of Aries.

The variable declination of the Sun is responsible for the seasons (as observed within the Northern hemisphere).
The equinoxes occur when the Sun is directly on the celestial equator (6 = 0°), and the solstices on the Tropic
of Cancer/Capricorn (§ = +23.5° and § = —23.5° respectively). Together with the Arctic/Antarctic circle, these
form the five magor lines of latitude.

0 = +23.5°

< - -

To YT

Figure 11: nyoom

Sometimes, we will be required to interpolate the RA and declination of the Sun. Fortunately, this is nothing
more than a sine curve (Fig. .

5.2 Sun is appear

Now that we can determine the RA and declination of the Sun, we can invoke the same calculations as for any
other old star. Although the Sun’s celestial coordinates changes from sunrise to sunset, unless otherwise stated,
we will invoke the almighty approximation they remain constant within the day.

We can then derive the sunrise equation from Eqn. by setting a = 0:

cos HA = —tand tan ¢ (5.1)

11
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Figure 12: Almost too easy

Figure 13: light is bendy Figure 14: horizon is bendy

It might be called the sunrise equation, but evidently it works for sunset and whatever star of your choosing as
well. But wait! By setting a = 0, the catch is this equation gives the HA for when the center of the Sun is on
the horizon. This is fine and dandy for stars which are taken as tiny point sources, but you might recall that the
Sun appears as a humongous ball. Usually, sunrise is reckoned when the top of the solar disk (or the upper limb)
is on the horizon. Ain’t it ironic how the sunrise equation is more useful for stars than the Sun?

Exercise 14 — You find yourself shipwrecked on an island again. Making a mental note to stop going on dodgy
cruises, you encounter an inhabitant of the island wearing his tribal clothing of a Hawaiian shirt and sunglasses.
Fortunately, he speaks impeccable English and tells you that this is the mysterious island of Nalaguraidhoo
(¢p = 3°29'2" X\ = 72°48'1"E). Wishing to get the most aesthetic shot for your Instagram, you want to find the
optimal spot to capture the sunset. At noon time, your watch tells you the time is 7:19 am on the the 17th of
October.

(i) According to your watch, when will the sunset start and end?

(ii) What is the azimuth of the setting sun?

There is also the effect of atmospheric refraction (Fig.. Due to atmosphere not having a uniform density,
incoming light undergoes a series of refractions, distorting and shifting the resultant image. Technically, we
should be considering this effect as long as we are doing terrestrial observations. We should also attempt to
maintain any modicum of sanity we might have left, so in practice we don’t. As with most things fluid, the
atmosphere is terribly difficult to model, because it depends on various things such as the turbulent flow of air
currents and temperature gradients.

Generally, we will correct for this phenomenon only near the horizon, where it is much more pronounced. The
downwards deflection is taken to be a constant value around 844, = 34’.

There is also the effect of horizon depression (Fig. which occurs when the observer is at an appreciably high
elevation. The surrounding terrain is assumed to be near sea level — usually the context will be the observer on
the tip of a mountain or tall tower. The observer’s effective horizon is the tangent line to Earth’s surface, an
angle 04¢p lower than the horizon at sea level:

_ R
Odep = cos™ ! <R+h> (5.2)
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Exercise 15 — You have painstakingly climbed to the top of a mountain to commemerate the summer solstice.
Deciding that a magnificent sight should be accompanied by a feast of burgers, you call for a delivery from
MgRonalds with the frankly unreasonable request that it arrives right as the sun sets. However, the deliveryman
arrives 4.1 minutes late, having calculated for the sunset as observed from the MgRonalds which is at sea level.
If the mountain is situated at ¢ = 40°, how high is the mountain you are on?

5.3 Inside you there are two Suns
If you looked at Fig.[12] and thought:

“Wow! Who would have thought the Sun’s movement was so simple! The laws of physics governing the
movement of the celestial bodies are truly magnificent to prescribe such wondrous elegance!”

What did you expect? The Universe is a beautiful place and so is physics. Unfortunately, the Universe hates
you and it has no qualms throwing rocks at you and laughing at your misery.

In reality, this curve will not be exactly a sine curve, unless Earth’s orbit were perfectly circular. It does make
our lives considerably easier, so we use it unless greater accuracy is desired.

The Sun we see in the sky, also known as the apparent Sun, has changing velocity and declination. Earth’s
slightly eccentric orbit is problematic, as the Sun moves faster near perihelion and slower at aphelion. Making
matters worse, the changing declination of the Sun (Fig. means it traces a slightly different path across the
sky everyday.

Imagine having a clock with its hands moving at different speeds depending on the time of day. Maybe it
decides to slow down only on Wednesdays but goes twice as fast on Fridays. What a terrible clock it would be!
Fortunately, we have the concept of the mean Sun, a fictitious body created with the sole purpose of being easier
to work with. The mean Sun moves along the celestial equator at the average speed of the apparent Sun.

Some of you may be familiar with the GMAT, the Graduate Management Admission Test, which is for business
and adminstration inclined people. But there is also another, for us astronomical folk, the Greenwich Mean
Astronomical Time. This GMAT is defined as the hour angle of the mean Sun, related to the GMT by
GMT = 12" — HAys (5.3)
= 12" + GMAT

Essentially, the construct of a mean Sun is useful because it delivers a simple time standard, the mean solar time.
We have been using this synonymously with GMT, but this not be the case (refer to Appendix.

A sundial uses the shadow cast by the position of the apparent Sun to tell the apparent solar time, which is based
on the hour angle of the apparent Sun.

To relate this to the mean solar time, we can use the equation of time:
EOT = HAp — HAns (5.5)

Some authors spit on this definition and throw it into the bin by switching the signs. Worry not, for we have the
mnemonic NYS@ New Year, Sun Slow. Regardless of the convention used, the apparent Sun lag behind the
mean Sun, and this can be used to determine the sign of the EOT.

15 Obliquity

ol Eccentricity el

Time difference [min]

Figure 15: even this is an approximation lmao

15The word nyss means just or quite recently in Swedish. I think you’ll find that extremely useful
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For example, we can tell that Fig.[T5]uses the sign convention from Eqn.[5.5|since EOT > 0 implies HAg > HA /.

Although the difference in the declination of both Suns is also changing, we don’t have to care about that yet —
we will see this soon in an interesting phenomenon that takes up its own chapter! Don’t worry though, it’s really
fur[®] When dealing with time, we are primarily concerned with the difference between their hour angles.

The EOT is actually an approximation with its two major components being the obliquity and eccentricity of
Earth’s orbit. However, there are also secondary effects that contribute to the equation of time such as:

e Precession of Earth’s axis
e Nutation of Earth’s axis
e Precession of the equinoxes
Unless you’re doing some advanced astrodynamics, a quantitative formulation of these will never be required.

As a side note, when we talk about the local sidereal time, we actually mean the local mean sidereal time. The
secondary effects outlined above also affects the apparent position of stars. Correspondingly, we have a local
apparent sidereal time. You won’t really see much of this so don’t worry too much about it.

6 To Be Continued (?)

16There are two ways to be fooled. One is to believe what isn’t true; the other is to refuse to believe what is true. - Sgren
Kierkegaard
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A More things about time

A.1 Disambiguation

Colloquially, GMT can refer to either Universal Time (UT) or Coordinated Universal Time (UTC), which are
entirely different in concept. This is a matter of loose definitions and even looser morals. UTC is based on atomic
clocks, but due to manual corrections the difference is typically < 1°.

Even when speaking of UT, it is an umbrella term referring to several standards. In common parlance, UT
refers specifically to UT1, the successor to the older UTO standard. Although they are both based on the mean
solar time, it is terribly difficult to measure the Sun precisely. Instead, it is maintained by an assortment of
measurements on satellites, the Moon and even quasars.

We can also note a distinction between UT and GMT should we argue semantics. They are used interchangeably,
but GMT is a time zone, while UT is a time standard. Although we have used UT throughout these notes, GMT
is actually based on UTC. Given the current time in UTC, you could calculate the time in UTC for a star to
culminate. It would, however, be a conceptual faux pas to read a UTC time off a sundial, or when doing any
calculations with the position of the Sun. For brevity and to spare you from the confusion, UTC is not used at
all in these notes.

B Derivations

B.1 Cotangent four-part formula

In the event that you can’t remember the formula, you can derive it from the other two spherical trigonometric
laws. If you can’t remember those either, then I wish you all the best.

The cotangent four-part formula is useful when specifically looking at 4 consecutive angles and sides, where we
only have quantities of any 3 parts. The proof is also much cleaner when we take this into account.

N

%

Without loss of generality, let us assume we are dealing with the variables shown above. Using the two angles
with their cosine laws:

cosa = cosbcosc +sinbsinccos A (B.1)

cosb = cosacosc+ sinasinccos B (B.2)

The variable b is not in the final expression, so it can be substituted away to yield

sin B

cosa = cosacos’ ¢ + sinasin ccos ccos B + cos A — 1 sinc (B.3)
Simplifying and rearranging,
cota
cosccos B + cot Asin B = — (1 — cos? c)
sinc (B.4)
=cotasine

The variables used here are for a generic spherical triangle. It can be converted to the form shown in Eqn.[2.3]
using the substitutions:

A—4, a—l,
B—>9Z C—)li
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